We study resonant energy transfer in a one-dimensional chain of two to five atoms by analyzing time-dependent probabilities as function of their interatomic distances. The dynamics of the system are first investigated by including the nearest-neighbour interactions and then accounting for all nextneighbour interactions. We find that inclusion of nearest-neighbour interactions in the Hamiltonian for three atoms chain exhibits perdiocity during the energy transfer dynamics, however this behavior displays aperiodicity with the all-neighbour interactions. It shows for the equidistant chains of four and five atoms the peaks are always irregular but regular peaks are retrieved when the inner atoms are placed closer than the atoms at both the ends. In this arrangement, the energy transfer swings between the atoms at both ends with very low probability of finding an atom at the center. This phenomenon resembles with quantum notion of Newton's cradle. We also find out the maximum distance up to which energy could be transferred within the typical lifetimes of the Rydberg states.
I. INTRODUCTION
Due to the peculiar nature, investigation of properties of Rydberg atoms have drawn attention in many branches of physics for decades. These atoms have one or more than one high-lying states with exaggerated responses to external electric and magnetic fields [1, 2] . Lifetimes of these highly-excited electronic states are very long compared to a normal state in an atomic system and their wave functions can be described by the Bohr model of a hydrogen atom. Knowledge of lifetimes of Rydberg states can be useful to understand astrophysical observations in the interstellar space [3] and new interactions of particle physics [4] . These atoms are also suitable for investigating diamagnetic effects [5] , plasma properties [6] , quantum information technologies [7] etc. It has been of immense interest to fathom the interactions between the Rydberg atoms via collision processes owing to large sizes and dipole moments of these atoms [8, 9] . To investigate this, experiments were conducted initially at the room temperature. In such case the kinetic energies of the atoms are much larger than their interaction energies, so the interactions were treated as perturbation to the thermal motion of the atoms [8, 9] . However with the advent of laser cooling and trapping techniques of atoms, it has enabled today to get deeper insights of the underlying interactions among the cold Rydberg atoms. These atoms provide ideal platforms to perform both the experiments and theoretical studies to investigate possible exotic phenomena exhibiting within the systems. On the other hand, there have been attempts to invent quantum analogue of Newton's cradle, in which one observes nearly loss-less energy transfer between the first and last member of a hanging chain of metal balls that periodically swing with the central members staying still. A few * bindiya.phy@gndu.ac.in of these studies include spin chain systems [10] [11] [12] and optical lattice systems [13] .
A particularly rewarding point in the detection of strong interactions between the Rydberg atoms is that the strength and characteristics of the interactions can be controlled experimentally. In case of sufficiently strong interactions among the atoms, they can create entangled states with the surrounding atoms and behave in a collective fashion. Such states are of particular interest in the context of proposed schemes for quantum information processing and for realizing fast quantum gates [7] . The other important aspect of interparticle interactions is to study the phenomenon of resonant energy transfer (RET) where the state of one atom can greatly influence the other by exchanging their internal energies. Interactions between the Rydberg atoms can be studied in the presence or absence of electric field [14] [15] [16] . In the region of a high electric field, the atoms can acquire an induced dipole moment and thus, they can interact strongly like classical electric dipoles (interaction energy scales as R −3 , where R is the interatomic distance between the atoms). Subjecting strong electric field to atomic systems may help in creating strong interactions among the atoms, but it can unnecessarily bring in additional perturbative quantum effects. This can alter the original physical properties of the atoms completely. Therefore, it is not advisable to use strong electric fields to study interactions of Rydberg atoms. In the absence of the electric field, interactions among the Rydberg atoms can be enhanced by choosing energetically degenerate transitions between the specific atomic states. In this situation two types of resonant processes can commonly occur; namely the "Fröster" process and the "migration" process. In the Fröster process initially two Rydberg atoms will be in the same state and they can undergo an energy transfer process in such a way that one atom is transfered to the energetically lower-lying state while the other is transfered to the higher-lying state. This process can be easily seen between two energetically degenerate Ry-dberg states. [17, 18] . Natural occurrence of these events are rare but they can be achieved by tailoring the Rydberg atomic states by introducing small electric field [2] . For an appropriate field strength, two transitions of a pair of atoms can be energetically degenerate owing to the Stark effect. In such case the atoms can exchange energies, which is famously referred to as the RET process [18] . The "migration" process [19] on the other hand is a naturally existing resonant process in which a pair of states of an atom automatically exchanges energy with identical pair of states of another atom. Though mediation by the external electric field is not required, but it necessitates to prepare the atoms in two different Rydberg states. In this exactly RET reaction, one atom gains exactly the same amount of energy that the other one loses due to the non radiative dipole-dipole coupling. The periodic transition of the system between the upper and lower electronic states of the atoms creates oscillating dipoles [20] . Since these interactions can govern naturally without the influence from the external electric field, it has several advantages to study them. This phenomena may also be applicable to explain the cascading networks for complex energy transfer in the biological systems [21] [22] [23] [24] [25] [26] [27] . Due to sufficiently long persistence of these resonant behaviours in the Rydberg atoms, it is feasible to observe them experimentally and apply the energy transfer principle to various domains [28] .
In this theoretical investigation, we intend to examine the atom-atom interactions that are enhanced by the migration processes for RET in a one-dimensional (1-D) chain of Rydberg atoms to study their dynamical behavior. To gain some understanding about the collective behavior of these processes, we explore the effects of all-neighbour interactions among atoms in the 1-D chain and follow their dynamics by scanning through the interatomic distances between them. We then extend the investigations further by including two more atoms in the chain to find out changes in the results. In these analyses, we have come up with few interesting observations by varying interatomic distances, e.g. placing inner atoms closer than the atoms located at both the ends of a four and five atoms chain. It is observed that with proper choice of distances between the interior atoms of the chain, the system is capable of transferring the energy from the first atom to the last one by absorbing a negligible amount of energy. Such systems are highly desired due to their potential applications in building up loss-less quantum channels that can be used to connect quantum memories [29] The paper is organized as follows: In Sec. II, theoretical model adopted to study the interactions between two Rydberg atoms and the induced dipole-dipole force mediated by the migration processes are presented. The numerical results for chains with different number of atoms are discussed in Sec. III, followed by Conclusion in Sec. IV. 
II. THEORETICAL MODEL
A chain of Rydberg atoms with one atom per lattice site, as shown in Fig. 1(a) , is undertaken in the present study. In the actual calculations, these Rydberg states are identified by their lifetimes and dipole moments. We choose a hard-core lattice with two-level atom having lower state |r i of energy E ri =hω ri and upper state |r
on the i th site , as can be seen in Fig. 1(b) . The general Hamiltonian of such a system with n lattice sites is given by
In the matrix representation, choosing the kets as
we can rewrite the above Hamiltonian as
such that σ and σ
respectively. This follows σ
We intend to investigate energy transfer through the migration process described by |r
To drive the process, we assume the first atom is in the excited state while the rest are in the lower level by defining the initial wave function of the composite system as
corresponding to the density operator
An atom at the i th site in the upper level at a given time, when undergoes a transition, |r ′ i → |r i , produces an oscillating electric dipole moment by emitting a photon of energyhω =hω r ′ i −hω ri . Because of this phenomena, the atom present at the j th site can experience an induced electric field. The interaction Hamiltonian describing this process can be expressed as [20] 
where . In this expression, θ is the angle between the radial distance R ij and induced electric field among the atoms, k = ω/c is the wave number of the emitted photon, and the combined operators σ − i σ + j indicate that the atom at the lattice site i transits to the ground state and the atom at lattice site j transfers to the excited state when they act on the wave function of the system. It is also obvious from the above expression that it is imperative to have large transition dipole moments of the Rydberg atoms for strong interatomic interactions. Now starting with t 1 = 0 for the density operator ρ(0), the density operator of the system at time t n can be given as
where U (t) = exp −ιHt h with the total Hamiltonian H = H A + H int . This means for the time-interval ∆t = t n − t n−1 , the rate of change of density operator is given by From this, we can obtain the Liouville's equation-ofmotion [30] as
It, thus, implies that both Eqs. (9) and (11) are equivalent. We use Eq. (9) for convenience to find out evolution of density of the system over the time. It is also worth mentioning here that we have not taken into account the decay rate of the excited state in the above equation. From the evolution of ρ(t n ) over a time period, we can get signature of energy propagation from one site to other in the lattice during the migration process. If the process is truly migration type then it can be quantified by finding out the chances of an atom being in the |r i and |r ′ i on the site i at a given time. To identify this process quantitatively, we define the atomic inversion operator as
The expectation value of the above operator, ψ(t)|σ z i |ψ(t) , can be interpreted as the difference between the probability of occupation for the |r i state to the |r We can now write
Using this wave function, it yields
Obviously, its value can vary in between −1 to 1 in the migration process. In other words, at time t if the atom on the site i is in the |r i state then ψ(t)|σ z i |ψ(t) = −1, and if it is in the |r ′ i state then ψ(t)|σ z i |ψ(t) = 1.
III. RESULTS AND DISCUSSIONS

A. Dynamics of atomic inversion
To understand RET in the migration process, we have evaluated the dynamics of states via the temporal evolution of the ψ(t)|σ z i |ψ(t) values. We would like to study the transition probability of the |60s + |60p ↔ |60p + |60s transition in the migration process. We have estimated the lifetimes of the |60s and |60p Rydberg states of the Rb atom as about 206 s and 564 s, respectively, using the fitting formula of the quantum defect theory as [31] 
In this expression, τ l , δ l and ǫ l are the suitable parameters for the respective states that are taken from [32] . In our analysis, we restrict evolution of density of the wave function in the above composite system up to 100 µs. This is sufficiently less than the lifetimes of the above states. We present the transient behaviour of RET in two different regimes. We consider only the nearest neighbouring interactions in the first case whereas in the second case, we allow all-neighbouring interactions in the interaction Hamiltonian. This includes all possible pair interactions among the atoms. We present results below separately for a chain of atoms with three, four and five atoms in the lattice.
At the very outset, we analyze evolution of ψ(t)|σ tance R i,i+1 = 95 µm between two consecutive atoms. At time t = 0µs, it is assumed that the first atom is in the excited Rydberg state, |60p , whereas the second and third atoms are in the Rydberg state, |60s . Once the first atom is transfered from the |60p state to the |60s state, a photon is released which excites the second atom to |60p . Subsequently excitation hopping of the photon takes place between the second and third atoms. The Fig. 2(a) shows the dynamics for temporal evolution of ψ(t)|σ z i |ψ(t) including only the nearest neighbour interactions in H int . As can be seen, states of the atoms oscillate back and forth between −1 and 1 for the first and third atoms with a fixed frequency over a period of time. This frequency of oscillation is proportional to the magnitude of the induced electric field felt by an atom due to the presence of other atoms in the chain. While for the atom in the middle, the probability oscillates twice as fast between −1 and 0. This observation is a clear indication of the presence of the electric field two times stronger at the center of the chain as compared to the electric fields at the extreme ends. When all-neighbour interactions are allowed through the H 12 , H 23 and H 13 terms in H int , we observe aperiodicity in the evolution of ψ(t)|σ z i |ψ(t) as shown in Fig. 2(b) . This irregularity arises due to the competition between the nearestneighbour and other next-neighbour interactions. Such patterns are in accordance with the experimental observations performed by Barredo et al. [24] . It would be interesting to investigate roles of these interactions in the chains with four and five atoms. Now we extend the system to a four atom equidistant chain, with a distance R i,i+1 = 95 µm between two consecutive atoms. Fig. 3(a) corresponds to the case where only the nearest neighbour interactions are retained in H int . One clearly observes from this figure that the dynamics of the probability of occupation of a state is aperiodic in contrast to the situation as was shown in Fig. 2(a) . This indicates a competitive interplay between the nearest neighbour interactions among the atoms. This again shows aperiodicity when all possible pair interactions among the atoms are introduced through H int as shown in Fig. 3(b) . However for an alternate arrangement of the atoms in the chain in which the distance between first and second atom has been taken equal to the distance between third and forth atom, R 12 = R 34 = x o µm(say) and the central atoms are placed such that R 23 = 0.4 × x o µm the distance values R 12 = R 34 = 42 µm and R 23 = 16.8 µm, the periodicity is regained (see Fig. 3(c) ). Moreover in the non-equidistant arrangement of the atoms in a chain, the dynamics of the state at the site i represented by ψ(t)|σ z i |ψ(t) oscillates periodically between −1 and 1 for the first and last atoms in the lattice and with very small amplitudes for the oscillations of states are realized for the atoms placed in between this arrangement as shown in Fig. 3(c) much like a classical Newton's cradle. We have scanned through various value of x o starting from x o = 95 µm upto a few micrometers and have observed a similar behaviour of excitation exchange.
In continuation with above discussion, we present next the dynamics of ψ(t)|σ z i |ψ(t) in a chain of five atoms. We show evolution of ψ(t)|σ 
B. Energy transfer channel
Here, we discuss the practical aspects of building up fast and efficient energy transfer channels using the cascade of atoms in one-dimensional chain. It is obvious from Eq. (8) that the dominant dipole interactions between the Rydberg atoms is proportional to 1/R 3 ij . So, there must exist a maximum distance beyond which the dipole interactions are not sufficient enough to enable propagation of energy. We want to find out an optimum distance such that excitation exchange between the first and the last atom in the chain occurs atleast once within 100 µs. We find out the roles played by the nearestneighbour and all-neighbour interactions in deciding this optimum distance and probability with which this excitation exchange of energy can take place. Below we present the RET within the speculated time limit in the systems containing two to five atoms in the chain.
In Fig. 5 , we show the temporal evolution of ψ(t)|σ z i |ψ(t) , which is directly related to the probability of energy transfer. We found that exchange of excitation between these atoms is possible via the migration process up to a maximum distance of R i,i+1 = 153 µm. Therefore, it looks like RET is not possible between the chosen Rydberg states of Rb atom beyond this distance.
Next, we model RET along a chain of three atoms. We show temporal evolution of ψ(t)|σ z i |ψ(t) of this system in Fig. 6(a) by allowing only the nearest interactions. We found that the maximum distance between the consecutive atoms for which the photon can be transferred atleast once between the first and third atom is R i,i+1 = 144 µm. Further investigation including all-neighbour interactions reveals that this optimum distance to transport a photon remains unchanged, but the maximum amplitude of ψ(t)|σ z i |ψ(t) reduces about 8% as compared to the case of a system of three atoms governed only due to the nearest neighbour interactions as shown in Fig. 6(b) .
In Figs. 7(a) and 8(a), we have shown time dependence of ψ(t)|σ z i |ψ(t) for the systems with four and five atoms, respectively. The maximum distance between two consecutive atoms which allow a photon transfer in a four atoms chain with the nearest neighbour interactions is R i,i+1 = 137 µm, whereas it reduces to 132 µ m for a five atoms chain. The value of R i,i+1 did not change for the respective chain with the inclusion of allneighbour interactions as shown in Figs. 7(b) and 8(b) . Although, the maximum probability for photon transfer further reduced by 17 % for a four atom chain and 26% for a five atom chain when all possible pairs of interactions were included. This signifies the fact that as the number of atoms in the chain increases, probability of occurrence of RET through the migration process decreases. From Fig.9 , one can find out the maximum distance R T = (n − 1)R i,i+1 up to which a photon can be transferred from one end to the other of an n atoms chain. It can be estimated from this figure that a photon can be transferred up to a maximum distance of about R T = 528 µm in the migration process of a five atoms chain. 
IV. CONCLUDING REMARKS
We analyse the Rydberg-Rydberg interactions mediated by migration resonances in one-dimensional equidistant as well as non-equidistant chains of two to five Rydberg atoms for their possible applications in building up the resonant energy transfer channels. We have explored the fundamental nature of the system dynamics considering only the nearest neighbour interactions and then considering all possible pairs of interactions. Our results on one hand show robustness of the resonant energy transfer process within a range of parameters and on the other hand provide information on the limits of the interatomic distances after which energy exchange is not possible. Moreover, increase in the strengths of interactions among the atoms due to presence of more number of atoms affects the probability of the photon transfer. With the specific choices of parameters corresponding to the |60s and |60p Rydberg states, we predict a maximum distance of 528 µm for the energy transfer to occur along the complete length of a five atoms chain. This is reasonable in the atomic scale to be realized in a suitable quantum system. This may open up new perspectives in the application of resonant energy transfer process in constructing fast and efficient energy transfer channels. A non-equidistance chain of four and five Rydberg atoms provides a system analogous to classical Newton's cradle in which the energy from the the first atom tunnels to the last atom through the channel constituted by the central atoms that practically do not absorb enegy.
